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ABSTRACT
In planetary systems with sufficiently small inter-planet spacing, close encounters can lead to planetary
collisions/mergers or ejections. We study the spin property of the merger products of two giant planets in
a statistical manner using numerical simulations and analytical modeling. Planetary collisions lead to rapidly
rotating objects and a broad range of obliquities. We find that, under typical conditions for two-planet scatterings,
the distributions of spin magnitude S and obliquity θSL of the merger products have simple analytical forms:
fS ∝ S and fcos θSL ∝ (1 − cos2 θSL)−1/2. Though parameter studies, we determine the regime of validity
for the analytical distributions of spin and obliquity. Since planetary mergers is a major outcome of planet-
planet scatterings, observational search for the spin/obliquity signatures of exoplanets would provide important
constraints on the dynamical history of planetary systems.
Keywords: planets and satellites: dynamical evolution and stability — planets and satellites: fundamental
parameters — methods: numerical
1. INTRODUCTION
It has long been recognized that planet-planet interactions
play an important role in shaping the architecture of plan-
etary systems. Close planet encounters can lead to violent
outcomes such as planetary mergers and ejections of one of
the encountering planets.
There exists a large literature on giant planet scatterings
(e.g., Chambers et al. 1996; Rasio & Ford 1996; Lin & Ida
1997; Ford et al. 2001; Adams & Laughlin 2003; Chatterjee
et al. 2008; Ford & Rasio 2008; Jurić & Tremaine 2008; Na-
gasawa & Ida 2011; Petrovich et al. 2014; Anderson et al.
2020). Most of these focus on ejections and using the rem-
nants of scatterings to explain the eccentricity distribution of
extrasolar giant planets.
In contrast, there has not been much discussion on the
merger products. Numerical simulations indicate that the
ratio of ejections to planet-planet collisions depends on the
“Safronov number”, the squared ratio of the escape veloc-
ity from the planetary surface to the planet’s orbital velocity;
when the Safronov number is less than unity, a significant
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fraction of planetary collisions are expected (e.g., Ford et al.
2001; Petrovich et al. 2014). A comprehensive study of scat-
terings in systems with three giant planets shows that the
collision fraction increases from 50% at 1 AU to more than
80% at 0.1 AU (Anderson et al. 2020). Our recent study
of two-planet scatterings, including hydrodynamical effects,
shows that even at 10 AU, the collision fraction can reach
40% (Li et al. 2020).
Previous studies on the collisions between protoplanetary
objects have aimed mainly at understanding the process of
late bombardment, during which collisions could be highly
hyperbolic and the reaccretion efficiency is uncertain (Agnor
& Asphaug 2004; Asphaug et al. 2006; Leinhardt & Stewart
2011; Stewart & Leinhardt 2012). However, for giant planet
collisions resulting from orbital instabilities, the relative mo-
tions are close to parabolic (Anderson et al. 2020), and the
planets merge without significant mass loss (Li et al. 2020;
see also Leinhardt & Stewart 2011). This implies angular
momentum conservation in the colliding “binary” planets for
a wide range of impact parameters.
In this paper, we study planetary spin and obliquity gener-
ated by giant planet collisions. It is well recognized that the
spin of a planet (both magnitude and direction) may provide
important clue to its dynamical history. Various mechanisms
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have been suggested to produce non-zero planetary obliquities
(e.g., Safronov & Zvjagina 1969; Benz et al. 1989; Korycan-
sky et al. 1990; Tremaine 1991; Dones & Tremaine 1993;
Lissauer et al. 1997; Ward & Hamilton 2004; Hamilton &
Ward 2004;Morbidelli et al. 2012; Vokrouhlický&Nesvorný
2015; Millholland & Batygin 2019; Rogoszinski & Hamilton
2020; Su&Lai 2020). Despite the lack of directmeasurement
of extrasolar planetary spins and obliquities, constraints can
be obtained using high-resolution spectroscopic observations
(Snellen et al. 2014; Bryan et al. 2017; Bryan et al. 2020).
High-precision photometry of transiting planets can also help
constrain planetary rotations in the future (e.g., Seager & Hui
2002; Barnes & Fortney 2003; Schwartz et al. 2016).
We carry out a suite of numerical experiments of two giant
planet scatterings to determine the distributions of spin and
obliquity of themerger products. Based on our recent work on
the hydrodynamics of giant planet collisions (Li et al. 2020),
we assume that two colliding planets always merge into a big-
ger one with no mass loss. The rest of this paper is organized
as follows. In Section 2, we present our fiducial numerical
simulations and results. We then provide a simple analytical
model in Section 3 to explain the numerical distributions of
spin and obliquity. We examine the limitation of our analyti-
cal model using parameter studies in Section 4 and conclude
in Section 5.
2. FIDUCIAL NUMERICAL EXPERIMENTS
2.1. Set-up of the simulations and assumptions
We consider a systems of two planets with masses m1 =
2MJ, m2 = 1MJ and radii R1 = R2 = RJ, orbiting a host star
with mass M∗ = M and radius R. The initial spacing (in
semi-major axis) of the planets is given by
a2 − a1 = 2.5RH,mut, (1)
where RH,mut is the mutual Hill radius
RH,mut =
a2 + a1
2
(
m1 + m2
3M∗
)1/3
. (2)
This spacing is smaller than the critial value (2
√
3RH,mut) for
the Hill instability (Gladman 1993). In our fiducial runs, we
use a1 = 1 AU. For each planet, we sample the initial ec-
centricity in the range [0.01, 0.05], the initial inclination in
[0◦, 2◦], and the argument of pericenter, longitude of ascend-
ing node, and mean anomaly in the range [0, 2pi], assuming
they all have uniform distributions.
The simulations are performed using the open-source N-
body software package REBOUND 1(Rein & Liu 2012). We
choose the IAS15 integrator (Rein & Spiegel 2014) for high
1 REBOUND is available at http://github.com/hannorein/rebound.
accuracy because the planets can have small separations. We
run each simulation up to 105 initial orbital periods of the
inner planet, and stop the simulation whenever one of the
following conditions is reached:
• Collision: The relative separation |rrel | of the planets
is equal to the sum of their physical radii (i.e. |rrel | =
R1 + R2).
• Ejection: One of the planets reaches a distance of
1000 AU from the system’s center of mass.
• Star-Grazing: The distance between the star and one of
the planets is less than the solar radius.
We focus on collisions in this paper. We assume the two plan-
ets have a perfectmergerwith nomass and angularmomentum
loss – This is justified by our hydrodynamical simulations (Li
et al. 2020).
The initial (pre-merger) spin of each planet is unknown.
The current 10-hr spin period of Jupiter and Saturn cor-
responds to 30% of the break-up rotation rate Ωbreak =
(GMp/R3p)1/2. Recent constraints on the spin of young
planetary-mass companions also suggest that similar sub-
break-up rotations are common for extrasolar giant plan-
ets (Bryan et al. 2017). Such slow rotation rate may re-
sult from the magnetic disk braking during or immedi-
ately after the formation the planet (Takata & Stevenson
1996; Batygin 2018; Ginzburg & Chiang 2019). Adopt-
ing the moment of inertia I ' 0.26MpR2p and initial spin
Ωi ∼ 0.3Ωbreak, the initial spin angular momentum of each
planet is Sinit ∼ 0.078(GM3p Rp)1/2. On the other hand, the
relative orbital angular momentum Lorb of the two planets just
before merger is of order MpRpvesc = (2GM3p Rp)1/2, which
is much larger than Sinit. Thus, we will assume the initial
spin angular momentum of each planet is negligible in our
analysis below.
With these assumptions, we can calculate the spin of the
merger product as
S = µrrel × vrel, (3)
where µ is the reduced mass of the two planets, rrel and vrel
are the relative position and velocity between the planets at
the moment of collision (see Fig. 1). The maximum value of
spin is reached when rrel and vrel are perpendicular to each
other. Taking |rrel | = R1 + R2 and |vrel | as the escape speed
from rrel, we expect that
Smax = µ
√
2G(m1 + m2)(R1 + R2) (4)
is the maximum value of the spin angular momentum gener-
ated by collisions.
Since the mutual inclination between the initial planetary
orbits is small, the merged object has an orbital angular mo-
mentum closely aligned with the normal unit vector nˆ of the
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Figure 1. Geometry of collision between two planets. rrel and vrel
are the relative position and velocity of between the two planets,
taking m1 as the reference.
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Figure 2. The spin and obliquity of the merger products found in our
fiducial runs. The obliquity is displayed as cos θSL on the horizontal
axis, and the spin is given in the unit of the maximum spin Smax
(Eq. 4) on the vertical axis. The black line indicates the sum of the
initial spins of the two planets (assuming each has Si = 0.3IΩbreak).
initial zero-inclination plane. The planetary obliquity, θSL, is
then given by
cos θSL =
nˆ · S
|S| . (5)
2.2. Fiducial results
Fig. 2 shows the spin and obliquity of the merger products
in our simulations. The values of spins are tightly bounded by
the maximum given in Eq. (4). Assuming both planets have
an initial spin 0.3IΩbreak (see Section 2.1), the total initial
spin is less than 0.13Smax. This means, in most cases, the
relative orbital angular momentum at collision completely
determines the final spin. Many merged objects have spins
close to the maximum value, and they are strongly supported
by rotation. Such object may lose a significant amount of
angular momentum through deccretion and other processes,
but we expect no change of its obliquity in the absence of
further strong interactions with other planets.
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Figure 3. The obliquity (top) and spin (bottom) distribution of
the merger products.The histograms are the numerical results found
in our fiducial runs (with a1 = 1 AU, m1 = 2MJ, m2 = 1MJ,
R1 = R2 = RJ, ininitial inclination i range [0◦, 2◦]). The black lines
are the analytical distributions (Eqs. 13 and 14) derived in Section 3.
Fig. 3 shows the marginalized distributions of obliquity and
spin of the merged objects in our simulations. We also plot
the analytical distributions derived in Section 3.
To gain some insight to the results, we investigate the geom-
etry of collisions using Fig. 4. The normal of the orbital plane
is denoted by nˆ. For each collision event, we decompose vrel
into the vertical and “in-plane” components:
vrel = vproj + (vrel · nˆ)nˆ = |vrel |(cos θvvˆproj + sin θvnˆ), (6)
where vˆproj = vproj/|vproj |. The top panel of Fig. 4 indicates
that, at the moment of collision, vrel lies predominantly in the
orbital plane. We define ρˆ = vˆproj × nˆ for each collision, and
express rrel as
rrel = |rrel |(nˆ sin θr cos φr+ ρˆ sin θr sin φr+ vˆproj cos θr), (7)
where θr is the polar angle (with vˆproj pointing at the north
pole) and φr is the azimuthal angle measured from nˆ. The
middle panel of Fig. 4 shows the distribution of φr. The
bottom panel shows the distribution of θrv (the angle between
vrel and rrel) and θr (the angle between vproj and rrel).
3. ANALYTIC MODEL FOR THE SPIN AND
OBLIQUITY DISTRIBUTIONS
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Figure 4. The distributions of θv (defined in Eq. 6), φr and θr
(defined in Eq. 7). The distribution of θrv (the angle between vrel
and rrel) is also shown for comparison. The histograms are the
numerical results found in our fiducial runs, and the black line are
the analytical distributions used in Section 3.
3.1. Analytical distributions
Consider the moment when two planets collide (see Fig. 1).
We express rrel as in Eq. (7) and assume that the distribution
of rˆrel = rrel/|rrel | is uniform inside an unit circle after be-
ing projected in the nˆ − ρˆ plane. Since the projection of
[θr, θr + dθr] × [φr, φr + dφr] in the nˆ − ρˆ plane has an area
of sin θrd sin θrdφr, the distributions for θr and φr are
fθr =−2 sin θr cos θr, (8)
fφr =
1
2pi
, (9)
for θr from pi/2 to pi and φr from 0 to 2pi. The two distributions
are plotted as black lines in Fig. 4. We find an excellent
matching between the analytical curves and the numerical
results, except for a small asymmetry in the numerical φr
distribution and a shift in the θr distribution. This asymmetry
implies a preferential alignment between the spin and the
orbital angular momentum of the merger product over anti-
alignment. The shift is due to the non-zero values of θv.
We further assume that the planets have a sufficiently low
mutual inclination so that vrel ' vproj (see the top panel of
Fig. 4). From Eqs. (3)-(4), the spin of the merger product can
be written as
S = Smax(nˆ sin θr sin φr − ρˆ sin θr cos φr). (10)
Thus, the spin magnitude and the obliquity are
S/Smax = sin θr, (11)
cos θSL = sin φr. (12)
The distribution of S/Smax is then given by
fS/Smax = fθr
d(S/Smax)dθr
−1 = 2 sin θr = 2 SSmax . (13)
The distribution of cos θSL is
fcos θSL = 2 fφr
d cos θSLdφr
−1 = 1pi | cos φr | = 1pi 1√1 − cos2 θSL ,
(14)
where the factor of 2 comes from the fact that the inverse
function of sin φr is double-valued for φr from 0 to 2pi. The
two analytical distributions are plotted as black lines in Fig. 3,
showing excellent agreement to the numerical results.
3.2. Validity and Limitation
There are mainly two limitations to our analytical distri-
butions. The first occurs when the initial mutual inclination
between the planetary orbits is too small. Our assumption of
the (θr, φr) distribution (Eqs. 8 and 9) requires equal accessi-
bility to any points in the area perpendicular to −vˆproj. This is
possible only when the initial mutual inclination between the
two planetary orbits is at least a few times larger than Rp/a1.
The second limitation occurs when the initial mutual in-
clination is too large. In Section 3.1 we have assumed
|vrel · nˆ|  |vproj |, or θv ' 0. Suppose the outer planet
(initially at semimajor axis a2) moves to the inner planet
(at a1) and enters the mutual Hill sphere. At this point,
their relative velocity in orbital plane can be estimated as
v‖ ∼
√
GM∗a2/a1 −
√
GM∗/a1 ' (∆a/2a1)
√
GM∗/a1, where
∆a = a2 − a1. On the other hand, the vertical velocity
difference almost solely comes from the mutual inclination,
v⊥ ∼
√
GM∗/a1 sin i. After entering the mutual Hill sphere,
the relative motion between the two planets is governed by
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their mutual gravitational attraction, and the orientation of
the “binary” relative to the original orbital plane remains ap-
proximately constant. Thus, at collision, the inclination angle
(θv) of vrel relative to the original orbital plane is given by
tan θv ∼ (2a1/∆a) sin i. The condition θv  1 is equivalent
to sin i  ∆a/(2a1).
When θv is non-negligible, we expect that, instead of the
nˆ-ρˆ-plane, rˆrel is uniform in the plane normal to the actual
relative velocity vrel. The distribution of |S| would be similar
to that derived in Section 3.1 (since the change from vˆproj to
vˆrel amounts to a simple rotation of the coordinate system).
However, the obliquity becomes
cos θSL = cos θv sin θr sin φr/|S|. (15)
A finite θv tends to reduce | cos θSL |, with the corresponding
change in the distribution of cos θSL.
In summary, we expect that the analytical distribution of
θSL (Eq. 14) to be valid when
Rp
a1
 sin i  ∆a
2a1
' K
2
(
m1 + m2
3M∗
)1/3
, (16)
where we have used ∆a = KRH,mut (see Eq. 2). On the other
hand, the analytical distribution of S (Eq. 13) is valid when
Rp
a1
 sin i. (17)
For the fiducial numerical simulations presented in Section 2,
these conditions are well satisfied: an initial inclination of 2◦
corresponds to 73RJ/(1 AU) = 0.035, and is much less than
∆a/(2a1) = 0.14. So it is not surprising that S/Smax and θSL
follow the analytical distributions very well.
4. PARAMETER STUDIES
We perform parameter studies by carrying out simulations
with different initial semi-major axis, mutual inclination, and
planet radius to test the validity and limitations of our fiducial
results (Section 2) and analytical formulae (Section 3).
4.1. Initial semi-major axis
Note that varying a1 also changes a2 according to Eq. (1).
Increasing a1 makes ejections more likely than collisions
as the outcomes of planetary scatterings see (see Li et al.
2020). It also makes the systems safer from the lower limit
in Eqs. (16)-(17). As expected, the top row of Fig. 5 shows
that the distributions of the spin and obliquity for different a1
values are the same as the fiducial results.
4.2. Initial inclination
We investigate the effect of the initial inclination by chang-
ing the upper limit of the initial inclination, 2◦, to different
values of imax.
The second row of Fig. 5 shows the results for small
imax’s. Note that imax = 0.1◦ and 2.0◦ correspond to 3.7
and 73(RJ/a1), respectively. For small imax, we expect the
analytical distribution fθr and fφr (Eqs. 8 and 9) to fail (see
Eqs. 16 and 17). The numerical result shows that obliquities
are more concentrated around 0◦ or 180◦ for imax = 0.1◦ and
0.3◦, and the distribution of the spin magnitude tends to be
more uniform.
The third row of Fig. 5 shows the results for imax equal to
a few degrees. In this range, the simulated systems are safe
from the lower inclination limit of Eqs. (16)-(17). As expected
(Section 3.2), the analytical distribution for S/Smax matches
the numerical results well. However, as imax increases to more
than 4◦, the numerical obliquity distribution starts to deviate
from the analytical expression. Using tan θv ∼ (2a1/∆a) sin i,
we find that tan θv ∼ 0.24, 0.49, and 0.73 for i = 2◦, 4◦, and
6◦, respectively. Hence, for imax = 4◦ and 6◦, our analytic
cos θSL distribution becomes inaccurate.
4.3. Size of planet
Varying the size of the planets can change the branching
ratio of mergers vs ejections (see Li et al. 2020), but does
not cause any change to our results concerning the spin and
obliquity distributions, as long as the condition Rp/a1  imax
is satisfied. Note that the value of Rp is irrelevant to our
assumption of θv ' 0 (i.e. vrel is in the orbital plane). The
bottom row of Fig. 5 shows the results. The magnitude of the
spin is normalized by different Smax according to the planet’s
radius. As expected, the plots are similar to the fiducial results
(Fig. 3).
5. SUMMARY AND DISCUSSION
We have carried out a suite of numerical simulations of the
dynamical evolution of two giant planets, initially in quasi-
circular unstable orbits, to determine the distributions of spin
and obliquity of the planet merger products. While many
previousworks have studied giant planet scatterings, our work
is the first (as far was we know) to systematically determine
the spin property of the planet mergers. Based on our recent
work on the hydrodynamics of giant planet collisions (Li
et al. 2020), we assume that two colliding planets always
merge into a bigger one with no mass and angular momentum
losses. For reasonable initial (pre-merger) rotations of the
planets, the spin angular momentum of the merger product is
dominated by the relative orbital angular momentum of the
colliding planets at contact.
Our most important finding is displayed in Fig. 3, showing
the distributions of cos θSL (where θSL is the obliquity or
spin-orbit misalignment angle) and spin S (in units of the
maximum possible value) of the planet merger products in
our fiducial runs. We develop a simple model and show
that these distributions are well described by the analytical
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Figure 5. Same as Fig. 3, except for different values of the parameter used in the simulations. Top row: initial a1; middle two rows: imax (the
initial inclinations of both planets are sampled from [0, imax]); bottom row: and the planet radius Rp as labeled.
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expressions (Eqs. 13 and 14)
fS/Smax = 2S/Smax, fcos θSL =
1
pi
√
1 − cos2 θSL
. (18)
In addition, we carry out parameter studies to explore the va-
lidity of these distributions under various conditions (Section
4). The key is the initial mutual inclination∆i of the planetary
orbits, which is limited by imax in our parameter studies, in
relation to the size Rp and initial spacing ∆a of the planets
(see Eqs. 16 and 17). We find that the analytic distribution of
S works well as long as∆i is much greater than Rp/a (Eq. 17),
while the analytic distribution of cos θSL further requires that
∆i be much less than ∆a/(2a) (Eq. 16) – when this condi-
tion is not satisfied, a more uniform distribution of cos θSL is
obtained (see the third row of Fig. 5).
A possible caveat of this study is that we have neglected
tidal effects in close planet-planet encounters. Numerical
simulations of planet scatterings including hydrodynamical
effects show that only the collision vs ejection branching ratios
are affected, while the spin and obliquity distributions of the
merger products are mostly unchanged by the tidal effects (Li
et al. 2020).
While in this paper we have focused on mergers of giant
planets, we expect that similar results may hold for mergers of
smaller planets such as super-Earths and mini-Neptunes. We
simply need to compare ∆i, Rp/a and ∆a/(2a) to determine
the regimes of validity of our analytical and numerical results.
Overall, our study shows that planetary mergers predomi-
nantly produce rapid rotating objects. These objects are rota-
tionally supported, and are obviously quite different from the
“usual” planets. Their spins may undergo further evolution,
so the present-day distribution of S could well be different
from what is predicted in this paper. However, we expect the
obliquity and its distribution to be more “permenant”. Obser-
vational search for the merger signatures in the form of spin
and obliquity, for various types of planets, will be valuable in
constraining the dynamical history of planetary systems.
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